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Mathematical modeling

Engineering problems are
mathematical models of physical
situations. 
Mathematical models are differential
equations with a set of corresponding
boundary and initial conditions.  
When possible, the exact solution of 
these equations renders the detailed
behaviour of a system under a given
set of conditions. 
(Analytical approach)
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Numerical tools in design analysis

Structural design analysis problems 
are described by a set of partial 
differential equations and belong to 
the class called boundary value field 
problems. 
Such problems can be solved 
approximately by different 
numerical  methods. 



Numerical tools in design analysis

Due to the increasing complexities
encountered in the development o of 
modern technology, analytical solutions
usually are not available. 
For these problems, numerical solutions
obtained using high-speed computer are
very useful, especially when the
geometry of the object of interest is 
irregular, or boundary conditions are
nonlinear. 
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Finite Element Method



Finite Element Method

Finite element method or analysis is based on the idea of building a 
complicated object with simple blocks or dividing a complicated object 
into small and managable pieces.

One of the numerical methods which 
can be used for the accurate solution of 
engineering problems that are either 
simple or complex is the Finite Element 
Method.



Finite Element Method

FEM is a numerical method for solving a system of governing equations 
over the domain of a continuous physical system, which is discretized 
into simple geometric shapes called finite element.

Time-independent PDE
Time-dependent PDE

Continuous system Discrete system
Linear algebraic eq.

ODE



A Brief History

The finite element method of structural analysis was created by 
academic and industrial researchers during the 1950s and 1960s.

1943 Courant (variational methods)
1956 Turner, Clough, Martin and Topp (stiffness)
1960 Clough (finite element, plane problems)
1970s Apllications on mainframe computers
1980s Microcomputers, pre- and post-processors
1990s Analysis of large structural systems



A brief history of the finite element method



A Brief History

Hrennikoff (1941) and McHenry (1943), separately, 
developed lattice analogies to represent 
continuum structures using connected beams and 
bars.
In Hrennikoff’s 1941 paper, he discretized the 
solution domain into a mesh of lattice structure, 
which was the earliest form of a mesh 
discretization.

Alexander Pavlovich Hrennikoff
(1896 —1984)

A. Hrennikoff, Solution of Problems of Elasticity by the Frame-
Work Method (1941). ASME J. Appl. Mech. 8, A619–A715.
McHenry, D (1943). A Lattice Analogy for the Solution of Plane Stress 
Problems. J. Inst. Civil Eng. 21(2), pp. 59-82. 



A Brief History

The FEM was first suggested by Courant in 1943 in the 
literature of applied mathematics. Courant’s work was 
ignored until engineers had independently developed 
it.
Courant used piecewise linear interpolation over 2-D 
triangular elements as Rayleigh–Ritz trial functions. 
Courant used a variational formulation to approximate
PDEʼs by linear interpolation over triangular elements.

Courant, R (1943). Variational Methods for the Solution of Problems of Equilibrium 
and Vibration. Bulletin of the American Mathematical Society, 49, pp. 1-23.

Richard Courant
(1888 –1972)



Argyris (1955) proposed matrix structural analysis
methods using energy principles.
The comprehensive series of papers by Argyris and
Kelsey, published in Aircraft Engineering between
October 1954 and May 1955, unified many different
approximate methods for the solution of both
continuous and one-dimensional frame structures.

Argyris, J (1950, 1954). Energy Theorems and Structural Analysis. Aircraft Engineering. In 1960 
these papers were consolidated in a book by Butterworths Scientific Publications titled Energy 
Theorems and Structural Analysis. 

John H. Argyris 
(1913-2004)

A Brief History



A Brief History
Direct stiffness method (DSM) was 
generalized by Turner, Clough, Martin 
and Topp in 1956.
They established a broader definition 
of numerical analysis. The paper 
centred on the "stiffness and 
deflection of complex structures".

Turner, MJ, Clough, RW; Martins, HC; Topp, LJ (1956). Stiffness and Deflection 
Analysis of Complex Structures. J. Aeronautical Science, 23(9), pp. 805- 823.



A Brief History

In continuing Turner’s work, the term
‘finite element’ was used for the first time
in a presentation by Clough (1960) where
the method was presented for a special
case of plain stress.

Clough, RW (1960). The Finite Element Method in Plane Stress Analysis. Proc. 
2nd ASCE Conf. On Electronic Computation, Pittsburg, Pa. 

Ray William Clough
(1920 – 2016)



Time period

I. (1941-1965) Early years of FEM; 
II. (1966-1991) Golden age of FEM; 
III. (1992-2017) Large scale, industrial applications of FEM and 

development of material modeling, 
IV. (2018-) the state-of-the-art FEM technology for the current and 

future eras of FEM research.



Finite Element Method

Finite Element Analysis (FEA) is a computer modelling technique that 
allows engineers to predict the critical behavior of a given design long 
before it is actually built, including analysis of: 

Type of Analysis Field Potential
Stress Stress Displacement
Thermal Heat Flux Temperature
Fluid Fluid Velocity Pressure
Electrical Electric Field Voltage
Magnetic Magnetic Field Magnetic Vector Potential



FEM in modeling and simulation
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VALIDATION

Solution error

Simulation error = modeling error + solution error

Generally irrelevant



FEM in modeling and simulation
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Snergy between mathematical and physical 
FEM 



FEA flow chart

REALITY

MATHEMATICAL 
MODEL

FEA MODEL

RESULTS

Modeling error

Discretization error

Solution error

Verification

Validation Verification
The process of determining that a model 
correctly represents the modeler’s conceptual 
description of the model and the solution of 
the model.

Validation
The process of determining the degree to 
which a model is correctly representing reality 
from the perspective of the intended use of 
the model. 



Commercial FEM Software packages



Computer Programs for FEM

Structure Non-
lınear

Optimi-
zatıon

Compo-
site 

materıal

Collision 
analysis

Fatigue 
analysis

Institu-
tional

analysis

Noise 
analysis

Flow 
analysis

Mold 
flow 

analysis

Heat 
transfer 
analysis

ANSYS ◎ D ◎ ◎ D ◎ ◎ ◎

NASTRAN ◎ D ◎ ◎ D ◎ ◎

ABAQUS ◎ ◎ ◎ ◎ ◎

MARC ◎ ◎ ◎ ◎ ◎

LS-DYNA3D ◎

MSC/DYNA ◎

ADAMS/DADS ◎

COSMOS ◎ D ◎ ◎ D ◎ ◎

MOLDFLOW ◎

C-FLOW ◎

PHOENICS ◎ ◎



The meaning of FEA for a design engineer and 
an FE developer.

DESIGN ENGINEER

Engineering problem

Design a system to solve 
the problem

Use an FEA tool to 
analyze the design

Refine the design

FEA DEVELOPER

Define physical problem

Define mathematical 
model

Construct FEA formulation 
and obtain FE solution

Interpret the result



Advantages of using Finite Element Method

The following are some of the advantages of the Finite Element 
Method over other numerical methods :
a. The body analyzed can have arbitrary shape, load, and support 

conditions. 
b. It is a very versatile method. 
c. The matrix mesh can mix elements of different types. 
d. Its versatility can be contained in a single program. 
e. The actual structure and its finite element model have a close 

resemblance.



Basic Steps in The Finite Element Analysis

Step 1  Creation of a mathematical model
An idealization of a real object accounting for geometry, loads,
supports and material properties leads to a formulation of a boundary
value problem described by a set of governing partial differential
equations. Most often these equations are impossible to solve
analytically and an approximate numerical method must be used.



Basic Steps in The Finite Element Analysis

Step 2 Deciding on the solution method
For reasons of numerical efficiency and generality we select the Finite
Element Method.



Basic Steps in The Finite Element Analysis

Step 3 Approximating solution with piecewise polynomials
In order to represent solution with piecewise polynomials, we divide
the body into simple shape sub domains (elements) and define our
polynomials (also called shape functions), with yet unknown factors 𝑎𝑖 ,
𝑏𝑖 , 𝑐𝑖 (also called nodal degrees of freedom) in each of element
separately.
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Basic Steps in The Finite Element Analysis

Step 4 Finding  nodal displacements
Now we use the principle of minimum total potential energy (the state
of minimum total potential energy is also the state of equilibrium) to
find this set of 𝑎𝑖 , 𝑏! , 𝑐! factors that minimizes the total potential
energy of the body.
This is also the new state of equilibrium under load. Knowing 𝑎𝑖 , 𝑏! , 𝑐!
we can now calculate discretized displacement anywhere in the body.
Notice that displacements are primary unknowns and are calculated
first.



Basic Steps in The Finite Element Analysis

Step 5 Finding strains and stresses
Once displacements have been found, we calculate strains as
derivatives of displacements. Knowing strains and material properties
we can now find stresses.



Basic Steps in The Finite Element Analysis
CAD 
geometry

Simplified
geometry

Mathematical Model

Type of 
analysis

Material 
properties

Restraints

Loads

FEA Model FEA Results

Numerical solverDiscretization

FEA post-procesFEA solutionFEA pre-processingCAD



Using FEM program
Pre-processor

Input Data
Control data, Materials, Node and Element 

definition, Boundary conditions, Loads

Form Element 𝒌
Read element data, Calculate element 

stiffness matrix, [k]

Form System 𝑲
Assemble element [k] to form the system 

stiffness matrix, [K]

Apply displacement boundary 
conditions

Element file
Load file

Element file

Compute diplacements
Solve the system equations

K D = F
For the displacements

D = K !" F

Load file

Compute stresses
Calculate stresses and output files

for post-processor plotting

Displacement
Stress files

Post-processor



Definition

Cantilever plate
in plane strain 

uniform loading

Fi
xe

d 
bo

un
da

ry

Problem: Obtain the 
stresses/strains in the 
plate

Node

Element
Finite element 

model

The solid is represented by a MESH, 
consisting of subvolumes called
ELEMENTS, these are defined by NODES.
The design is modeled using discrete 
building blocks called elements.
The elements have a finite number of 
unknowns, hence the name finite 
elements.
Elements are connected at specific
points, called nodes.



Finite element

Elements are used to partition the solid into
discrete regions. 

Bilinear Biquadratic 

An element number. Every element is 
assigned an integer number, which is used
to identify the element. Just as when
numbering nodes, any convenient scheme
may be selected to number elements. 
A geometry. There are many possible
shapes for an element. A few of the more
common element types. Nodes attached to
the element are shown in red.

Linear Quadratic



Finite element

Elements are defined by the following properties:
1. Dimensionality
2. Nodal Points
3. Geometry
4. Degrees of Freedom
5. Nodal Forces



Degrees of freedom

Everything there is to know about the behaviour of this element under 
load can be calculated as soon as 𝑥, 𝑦 and 𝑧 displacements of all nodes 
defining that element are found. 
𝑥, 𝑦 and 𝑧 displacements components fully describe node displacement 
for these 3D tetrahedral elements. 
𝑥, 𝑦 and 𝑧 displacements are the three degrees of freedom of each 
node.



Degrees of freedom

With only one node 
restrained the 
element spins in 
three directions.

With two nodes 
restrained the element 
spins about the line 
connecting two nodes.

With three nodes 
restrained the 
element won’t 
move.



Degrees of freedom
Tetrahedral solid 

element
3 D.O.F. per node

Triangular shell element
6 D.O.F. per node

First order elements

Linear 
displacement
Constant stress

Second order elements

Second order 
displacement
Linear stress



CAD Geometry and Finite Elements 

Geometry
Geometric 

entity 
meshed

Elements 
created

2D Plane Beam

3D Curve Beam

3D Surface Shell

3D Volume Solid



Types of finite elements

1-D (Line) element Spring, truss, beam, pipe, etc.

2-D (Plane) element Membrane, plate, shell, etc.

3-D (Solid) element Temperature, displacement, 
stress, flow velocity, etc.



Types of elements and Degrees of Freedom
Solids
x, y and z nodal displacement components fully
describe behavior of each node. Each node has 3
D.O.F
Shells and beams
x, y and z displacements are not sufficient to describe
what is happening to each node while element
deforms. Also needed are rotations about x, y and z
axis so each node has 6 D.O.F.

2D plane stress, plane strain, axisymmetric
x and y displacement fully describe behavior of each 
node. Each node has two degrees of freedom. 



Shape functions

The displacement at any point 
within the element is a function of 
nodal displacements. This function 
is called shape function. 
In the first order element the shape 
function is a linear combination of 
nodal displacement, in the second 
order element this a second order 
function etc.

1st order tetrahedral element

2nd order tetrahedral element

Before deformation After deformation



Shape functions

For the three-node triangle example, the field variable is described by 
the approximate relation

𝜑 𝑥, 𝑦 = 𝑁$ 𝑥, 𝑦 𝜑$ +𝑁% 𝑥, 𝑦 𝜑% +𝑁&(𝑥, 𝑦)𝜑&

where
𝜑$, 𝜑%, 𝜑& are the values of the field variables at the nodes
𝑁$, 𝑁%, 𝑁& are the interpolation functions known as shape functions or 
blending functions.



Shape function – truss element

The nodal displacements :

𝑢$ = 𝑢 𝑥 = 0
𝑢% = 𝑢 𝑥 = 𝐿

To accomplish discretization, 
the existence of interpolation 
functions are assumed

𝑢 𝑥 = 𝑁$ 𝑥 𝑢$ +𝑁%(𝑥)𝑢%



Shape function – truss element

Boundary (nodal) conditions :
𝑁$ 0 = 1 𝑁% 0 = 0
𝑁$ 𝐿 = 0 𝑁% 𝐿 = 1
The simplest forms for the interpolation functions are polynomial 
forms:

𝑁$ 𝑥 = 𝑎' + 𝑎$𝑥
𝑁% 𝑥 = 𝑏' + 𝑏$𝑥

𝑎' = 1
𝑏' = 0
𝑎$ = −1/𝐿
𝑏$ = 𝑥/𝐿

𝑁$ 𝑥 = 1 − 𝑥/𝐿
𝑁% 𝑥 = 𝑥/𝐿



Polynomial Approximation

Most often polynomials are used to construct approximation functions 
for each element.  

Depending on the order of approximation, different numbers of 
element parameters are needed to construct the appropriate function. 

Linear Quadratic Cubic



Finite element

Quadratic distribution of 
DOF values

Actual quadratic 
curve

Linear approximation 
(Poor Results)

Quadratic approximation
(Best Results)

Linear approximation 
with multiple elements  

(Better Results)



Node numbering

The nodes are a set of discrete points within the solid body.  Every
node is assigned an integer number, which is used to identify the node. 



Discretization of a domain: element and node 
numbering



Types of element interpolation scheme

The simple example is known as a 
linear element. 
Six noded triangles and 8 noded
triangles are examples of quadratic 
elements: 
the displacement field varies 
quadratically with position within the 
element.



Finite elements

Linear elements
• Can support only a linear variation of 

displacement and therefore (mostly) 
only a constant state of stress within a 
single element.
• Highly sensitive to element distortion.
• Acceptable if you are only interested 

in nominal stress results.
• Need to use a large number of 

elements to resolve high stress 
gradients.

Quadratic elements
• Can support a quadratic variation of 

displacement and therefore a linear 
variation of stress within a single 
element.
• Can represent curved edges and 

surfaces more accurately than linear 
elements.  Not as sensitive to element 
distortion.
• Recommended if you are interested in 

highly accurate stresses.
• Give better results than linear 

elements, in many cases with fewer 
number of elements and total DOF.



Line element

Beam elements are used to model bolts, 
tubular members, C-sections, angle irons, 
or any long, slender members where only 
membrane and bending stresses are 
needed.
Spar elements are used to model springs, 
bolts, preloaded bolts, and truss 
members.
Spring elements are used to model 
springs, bolts, or long slender parts, or to 
replace complex parts by equivalent 
stiffnesses.



Primitive structural elements



Line element

These elements are used to model trusses and 
frame structures. 
The simplest line element (called a linear 
element) has two nodes, one at each end, 
although higher-order elements having three 
nodes or more (called quadratic, cubic etc.) also 
exist.



What is bar element?

Consider a uniform prismatic bar.

𝐿 : length
𝐴 : cross-sectional area
𝐸 : Young’s modulus
𝑢(𝑥) : displacement
𝜀(𝑥) : strain
𝜎(𝑥) : stress

𝜀 = ⁄𝑑𝑢 𝑑𝑥
𝜎 = 𝐸𝜀



Bar element



Spar element



Shaft element



Beam element

• The beam is loaded only in the 𝑦 direction.
• Deflections of the beam are small in comparison to the characteristic 

dimensions of the beam.
• The material of the beam is linearly elastic, isotropic and 

homogeneous.
• The beam is prismatic and the cross-section has an axis of symmetry 

in the plane of bending.



Beam element
The equation shows that the element stiffness matrix for the beam 
element is a 4 × 4 matrix. 

𝑓!
𝑚!
𝑓(
𝑚(

=

𝑘$$ 𝑘$% 𝑘$& 𝑘$)
𝑘%$ 𝑘%% 𝑘%& 𝑘%)
𝑘&$ 𝑘&% 𝑘&& 𝑘&)
𝑘)$ 𝑘)% 𝑘)& 𝑘))

𝑣!
𝜃!
𝑣(
𝜃(

The stiffness matrix :

𝑘* =
𝐸𝐼+
𝐿&

12 6𝐿 −12 6𝐿
6𝑙 4𝐿% −6𝐿 2𝐿%
−12 −6𝐿 12 −6𝐿
6𝑙 2𝐿% −6𝐿 4𝐿%



Shell elements

Used to model thin panels or curved 
surfaces.
The definition of “thin” depends on the 
application, but as a general guideline, 
the major dimensions of the shell 
structure (panel) should be at least 10 
times its thickness.



2-D (plane) elements

The basic 2-D (or plane) elements are loaded by forces in their own 
plane (plane stress or plane strain conditions). They are triangular or 
quadrilateral elements.

x

y

x

y

1 2

3

1 2

3
4



2-D (plane) elements

The simplest 2-D elements have 
corner nodes only with straight 
sides or boundaries although 
there ara also higher-order 
elements, typically with mid-side 
nodes (called quadratic elements) 
and curved sides. 
They are often used to model a 
wide range of engineering 
problems.



3-D elements

The most common 3-D elements are 
tetrahedral and hexahedral (or brick) 
element. 
They are used when it becomes necessary 
to perform a 3-D stress analysis.



3-D elements

The basic 3-D elements have cornes nodes only and straight sides, 
whereas higher-order elements with mid-edge nodes (and possible 
mid-face nodes) have curved surface for their sides.



Axisymmetric element

The axisymmetric element is 
developed by rotating a triangle or 
quadrilateral about a fixed axis 
located in the plane of the element 
through 360°. 
This element can be used when the 
geometry and loading of the 
problem are axisymmetric.



Discretizing of the Domain

The idea of representing a given domain as a collection of discrete
parts is not unique to the finite element method. 



Discretizing of the Domain

Archimedes’ problem (circa 250 B.C.) rectification of the circles as limit 
of inscribed regular polygons.



Discretizing of the Domain

Ancient mathematicians estimated the
value of  𝑃𝐼 by noting that the
perimeter of a polygon inscribed in a 
circle approximates the circumference
of the latter. 
As the number of sides in polygon
increases, the exact value of p can be 
obtained.  
In this example sides of the polygon can 
be thougt as finite elements.

R

R

R

𝜋 ≈
𝐶&
2𝑅

= 2.60

𝜋 ≈
𝐶,
2𝑅

= 3.00

𝜋 ≈
𝐶$%
2𝑅

= 3.10



How to calculate PI?

the Gregory-Leibniz series

the Nilakantha series

Using the Measurements of a Circle
Using Buffon's Needle Problem
Arcsine Function/Inverse Sine Function



Discretization

Each region is referred to as an element and the process of subdividing
a domain into a finite number of elements is referred to as 
discretization.  

Continuous body -
mathematical model

Discretized body –
finite element model



Discretization Examples

One-Dimensional 
Frame Elements

Two-Dimensional 
Triangular Elements

Three-Dimensional 
Brick Elements



Two-Dimensional Discretization Refinement 

(Discretization with 228 Elements) (Discretization with 912 Elements)

(Triangular Element)

(Node)

●

●

●



Meshing

Meshing is the process used to “fill” the solid model with nodes and 
elements, i.e, to create the FEA model.

Solid model FEA model



The finite element mesh

The finite element mesh is used to specify
the geometry of the solid, and is also used
to describe the displacement field within
the solid in a convenient form. 

A finite element mesh may be three
dimensional, like the example shown side. 
Two dimensional finite element meshes
are also used to model simpler modes of 
deformation.



Meshing

There are three steps to meshing:
• Define element attributes
• Specify mesh controls
• Generate the mesh



Meshing

Free Mesh
+ Easy to create; no need to divide 

complex shapes into regular 
shapes.

– Volume meshes can contain only 
tetrahedra, resulting in a large 
number of elements.

– Only higher-order (10-node) 
tetrahedral elements are 
acceptable, so the number of DOF 
can be very high. 

Mapped Mesh
+ Generally contains a lower number 

of elements.
+ Lower-order elements may be 

acceptable, so the number of DOF 
is lower.

+ Aesthetically pleasing.
– Areas and volumes must be 

“regular” in shape, and mesh 
divisions must meet certain 
criteria.

– Very difficult to achieve, especially 
for complex shaped volume



Mesh size

When the mesh size is reduced that is the number of elements is 
increased we are ensured of monotonic convergence of the solution 
when compatible and complete displacement functions are used.



Converge of solution



Where finer meshes should be user



FEA Equation

𝐹 = 𝐾 𝛿
Where
𝐹 : vector of nodal loads (known)
𝐾 : stiffness matrix (known)
𝛿 : vector of nodal displacements (unknown)



Stiffness – material model
Linear material model
𝐾 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡

Non-inear material model
𝐾 ≠ 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡



Physical signafance of 𝐮 and 𝐟 in FEM 
applications

Application problem State (DOF) vector u
represents

Forcing vector f
represents

Structures and solid mechanics Displacement Mechanical force
Heat conduction Temperature Heat flux
Acoustic fluid Displacement potential Particle velocity
Potential flows Pressure Particle velocity
General flows Velocity fluxes
Electrostatics Electric potential Charge density
Magnetostatics Magnetic potential Magnetic intensity



Development of Finite Element Equation

Direct Method : Based on physical reasoning and limited to simple cases, this 
method is worth studying because it enhances physical understanding of the 
process.

Variational-Virtual Work Method : Based on the concept of virtual 
displacements, leads to relations between internal and external virtual work and 
to minimization of system potential energy for equilibrium.

Weighted Residual Method : Starting with the governing differential equation, 
special mathematical operations develop the “weak form” that can be 
incorporated into a FEM equation.



Direct stiffness method

The process in which individual matrices are expanded and then added 
to form global stiffness matrix is called Direct Stiffness Method also 
known as the displacement method or matrix stiffness method.
The linear spring is simple and an illustrative tool to illustrate the basic 
concepts.

Turner, MJ, Clough, RW; Martins, HC; Topp, 
LJ (1956). Stiffness and Deflection Analysis of 
Complex Structures. J. Aeronautical Science, 
23(9), pp. 805- 823.



General 8 step procedure
STEP 1 : discretize and select element types
STEP 2 : select a displacement function
STEP 3 : define the strain/displacement and stress/strain relationships
STEP 4 : derive the element stiffness matrix and equations
STEP 5 : assemble the element equations to obtain the global or total 
equations and introduce boundary conditions
STEP 6 : solve for the unknown degree of freedom (solve for the nodal 
displacement)
STEP 7 : solve for the element strains and stresses
STEP 8 : interpret the results



Direct Stiffness Method

Assuming that the displacement 𝑢 is varying linearly along the axis of 
the bar,

𝑢 𝑥 = 1 −
𝑥
𝐿
𝑢! +

𝑥
𝐿
𝑢(

𝜀 =
𝑢( − 𝑢!
𝐿

=
Δ
𝐿

𝜎 = 𝐸𝜀 = -.
/

; 𝜎 = ⁄𝐹 𝐴 → 𝐹 = - 0
/
Δ → 𝐹 = 𝑘Δ

𝑘 =
𝐸 𝐴
𝐿𝐿

𝑗𝑖
𝑥



Direct Stiffness Method

The bar is acting like a spring in this case and element stiffness matrix is

𝐤 = 𝑘 −𝑘
−𝑘 𝑘 =

𝐸𝐴
𝐿

−𝐸𝐴
𝐿

−𝐸𝐴
𝐿

𝐸𝐴
𝐿

or 𝐤 =
𝐸𝐴
𝐿

1 −1
−1 1

This can be verified by considering the equilibrium of the forces at two 
nodes. Element equlibrium equation is

𝐸𝐴
𝐿

1 −1
−1 1

𝑢(
𝑢( =

𝑓(
𝑓(



Stiffness matrix

The displacement : 𝑢 = 𝑁! 𝑁(
𝑢!
𝑢( = 𝐍 𝐮

where 𝑁! , 𝑁(are linear shape functions

Strain : 𝜀 = 23
24
= 2

24
𝐍 𝐮 = 𝐁 𝐮

where 𝐁 is the element strain-displacement matrix

Stress : 𝜎 = 𝐸 𝜀 = 𝐸 𝐁 𝐮



Stiffness matrix

Consider the strain energy stored in the bar

𝑈 = $
%
𝐮5 ∫6 𝐁5 𝐸𝐁 𝑑𝑉 𝐮

The work done by the two nodal forces

𝑊 =
1
2
𝐮5𝐟

𝐟 = a
6

𝐁5 𝐸𝐁 𝑑𝑉 𝐮 → 𝐟 = 𝐤 𝐮

𝑘 = a
6

𝐁5 𝐸𝐁 𝑑𝑉



Stiffness matrix

𝐁 = ⁄1 𝐿 ⁄1 𝐿

𝐤 = a
6

𝐁5 𝐸𝐁 𝑑𝑉 𝐤 = a
'

/
⁄−1 𝐿
⁄1 𝐿 𝐸 ⁄1 𝐿 ⁄1 𝐿 𝐴 𝑑𝑥

𝐤 =
𝐸𝐴
𝐿

1 −1
−1 1



Spring element

The spring element is also often used to represent the elastic nature of 
supports for more complicated systems. The spring element is a one-
dimensional finite element where the local and global coordinates 
coincide.
This element, which we simply call a bar or truss element, is particularly 
useful in the analysis of both 2-D and 3-D frame or truss structures. 



Spring element

𝑖, 𝑗 : nodes
𝑢! , 𝑢( : nodal displacements (in mm)
𝑓! , 𝑓( : nodal forces (in N)
𝑘 : spring contant-stiffness (in N/mm) 𝑘 = ⁄𝐹 Δ (> 0) is the force 

needed to produce a unist 
stretch



Spring element

Consider the equilibrium of forces for the spring. 

At node 𝑖 ∶ 𝑓! = −𝐹 = −𝑘 𝑢( − 𝑢! = 𝑘𝑢! − 𝑘𝑢(
At node 𝑗 ∶ 𝑓( = 𝐹 = −𝑘 𝑢( − 𝑢! = −𝑘𝑢! + 𝑘𝑢(
In matrix form, 

𝑘 −𝑘
−𝑘 𝑘

𝑢!
𝑢( =

𝑓!
𝑓(



Spring element

𝐤 𝐮 = 𝐟

Where
𝐤 : (element) stiffness matrix
𝐮 : (element nodal) displacement vector
𝐟 : (element nodal) force vector



Spring system

For element 1 : 
𝑘$ −𝑘$
−𝑘$ 𝑘$

𝑢$
𝑢% =

𝑓$$

𝑓%$

For element 2 : 
𝑘% −𝑘%
−𝑘% 𝑘%

𝑢%
𝑢& =

𝑓$%

𝑓%%

Where 𝑓!7 is the (internal) 
force acting on locak node 𝑖 of 
the element 𝑚 (𝑖 = 1,2).



Spring system

Assemble the stiffness matrix for the whole system : 
Consider the equilibrium of forces

At node 1 : 𝐹$ = 𝑓$$
At node 2 : 𝐹% = 𝑓%$ + 𝑓$%
At node 3 : 𝐹& = 𝑓%%

In matrix form 

That is
𝐹$ = 𝑘$𝑢$ − 𝑘$𝑢%
𝐹% = −𝑘$𝑢$ + 𝑘$ + 𝑘% 𝑢% − 𝑘%𝑢&
𝐹& = −𝑘%𝑢% + 𝑘%𝑢&



Spring system

Alternative way of assembling the whole stiffness matrix :

For element 1 : 
𝑘$ −𝑘$ 0
−𝑘$ 𝑘$ 0
0 0 0

𝑢$
𝑢%
𝑢&

=
𝑓$$

𝑓%$
0

For element 2 : 
0 0 0
0 𝑘% −𝑘%
0 −𝑘% 𝑘%

𝑢$
𝑢%
𝑢&

=
0
𝑓$%

𝑓%%

Adding the two matrix
(superposition)



Spring system

Boundary and local conditions : 
𝑢$ = 0
𝐹% = 𝐹& = 𝑃

Reduce to

𝐹$ = −𝑘$𝑢%



Spring system

Unkowns are 
𝐔 =

𝑢%
𝑢&

Reaction force : 𝐹$

Solving the equations, the displacements are 
𝑢%
𝑢& = 2 ⁄𝑃 𝑘$

2 ⁄𝑃 𝑘$ + ⁄𝑃 𝑘%

and reaction force is
𝐹$ = −2𝑃



System of linear springs 
Table of connectivity

Element 
number

Local node 
numbering

Global node 
numbering

1 1
2

1
2

2 1
2

2
3

3 1
2

2
3

4 1
2

3
4



Example : Three steel beams linked together and built into solid walls at 
each end. If loads of 10 kN and 15 kN are applied what is the stress in 
each beam ?

Equilibrium for each node gives
𝑓$ = 𝑘8 𝑢$ − 𝑢%
𝑓% = 𝑘8 𝑢% − 𝑢$ + 𝑘9 𝑢% − 𝑢&
𝑓& = 𝑘9 𝑢& − 𝑢% + 𝑘: 𝑢& − 𝑢)
𝑓) = 𝑘: 𝑢) − 𝑢&
In matrix form

𝑓$
𝑓%
𝑓&
𝑓)

=

𝑘8
−𝑘8
0
0

𝑘8
𝑘8 + 𝑘9
−𝑘9
0

0
−𝑘9

𝑘9 + 𝑘:
−𝑘:

0
0
−𝑘:
𝑘:

𝑢$
𝑢%
𝑢&
𝑢)



Solution

We assume that the supports do not deflect.
𝑢$ = 0
𝑢) = 0

Also applied loads 𝑓%and 𝑓&are known
𝑓$
10
15
𝑓)

=
1500
−1500
0
0

−1500
4000
−2500
0

0
−2500
4000
−1500

0
0

−1500
1500

0
𝑢%
𝑢&
0



Solution

Multiplying out the matrix
𝑓$ = −1500 𝑢%
10 = 4000 𝑢% − 2500𝑢&
15 = −2500 𝑢% + 4000𝑢&
𝑓) = −1500 𝑢)

Solving two simultaneous equations
𝑢& = 8.717 𝑚𝑚
𝑢% = 13.9 𝑚𝑚



Solution

Element 1 : 
Change in length : 𝑢! − 𝑢" = 13.9 𝑚𝑚
Strain : "#.%&"'

#$

(
= 3.47𝑥10)#

Stress : 210𝑥10% × 3.47𝑥10)# = 728.7 𝑀𝑁/𝑚!

Element 2 : 
Change in length : 𝑢# − 𝑢! = 8.717 − 13.9 = −5.183 𝑚𝑚
Strain : )*."+#&"'

#$

(
= −1.295𝑥10)#

Stress : 210𝑥10% × −1.295𝑥10)# = −272 𝑀𝑁/𝑚!

Element 3 : 
Change in length : 𝑢( − 𝑢# = −8.717𝑚𝑚
Strain : )+.,",&"'

#$

(
= −2.179𝑥10)#

Stress : 210𝑥10% × −2.179𝑥10)# = −457𝑀𝑁/𝑚!



Example : Find displacements of point 3 and reactions in point 1 and 2. 

1
⌾ ⌾ ⌾

3 2

k1
k2

This problem lends itself well toward 
discretization with two spring elements:

𝑘 =
𝐸 𝐴
𝐿



Solution

Relation between nodal displacements and forces in element 1 :

𝑘$ −𝑘$
−𝑘$ 𝑘$

𝑢$
𝑢& = 𝐹$

𝐹&

𝑘$ 0 −𝑘$
0 0 0
−𝑘$ 0 𝑘$

𝑢$
𝑢%
𝑢&

=
𝐹$
𝐹%
𝐹&

Relation between nodal displacements and forces in element 2 :

𝑘% −𝑘%
−𝑘% 𝑘%

𝑢%
𝑢& = 𝐹%

𝐹&

0 0. 0
0 𝑘% −𝑘%
0 −𝑘% 𝑘%

𝑢$
𝑢%
𝑢&

=
𝐹$
𝐹%
𝐹&



Solution

Expanded matrices of elements 1 and 2 can now be added to form the 
global stiffness matrix :

𝑘$ 0 −𝑘$
0 𝑘% −𝑘%

−𝑘$ −𝑘% 𝑘$ + 𝑘%
Relation between nodal displacements and nodal forces has been 
formed:

Global stiffness matrix

Nodal 
displace-

ments
Nodal 
Loads

𝑘$ 0 −𝑘$
0 𝑘% −𝑘%

−𝑘$ −𝑘% 𝑘$ + 𝑘%

𝑢$
𝑢%
𝑢&

=
𝐹$
𝐹%
𝐹&



Solution

Node 1 and node 2 are fixed :𝑢$ = 0 ;  𝑢% = 0

𝑘$ 0 −𝑘$
0 𝑘% −𝑘%

−𝑘$ −𝑘% 𝑘$ + 𝑘%

0
0
𝑢&

=
𝐹$
𝐹%
𝐹&

This is A set of three equations with three unknowns: 𝑢& , 𝐹$ , 𝐹%
𝐹$ = −𝑘$ 𝑢&
𝐹% = −𝑘% 𝑢&
𝐹& = (𝑘$ + 𝑘%) 𝑢&

𝑢& = ⁄𝐹& (𝑘$ + 𝑘%)

𝐹$ = −𝑘$ ⁄𝐹& (𝑘$ + 𝑘%)

𝐹% = −𝑘% ⁄𝐹& (𝑘$ + 𝑘%)



Given : for the spring system, k1=100 N/mm, k2=200 N/mm, k3= 100 
N/mm, 𝑃=500 N, u1=u4=0. Find the global stiffness matrix, 
displacements of nodes 2 and 3, the reaction forces at nodes 1 and 4, 
and the force in the spring 2.

The element stiffnes matrices are
k$ =

100 −100
−100 100

k% =
200 −200
−200 200

k& =
100 −100
−100 100



Solution

Applying the superposition concept, the global stiffness matrix for the 
spring system :



Solution

Equlibrium equation for the whole system is :
𝐤 𝐮 = 𝐟



Solution

Applying the bounday conditions, we have

Form the equlibrium equation, the reaction forces are



Solution

For spring element 2, FE equation is

200 −200
−200 200

𝑢%
𝑢& = 𝐹%

𝐹&

The sping force as
𝐹% = 200𝑢% − 200𝑢&
𝐹% = 200 3 − 2 = 200



Linear Static Analysis

Linear static analysis can provide most of the information about the
behavior of a structure, and can be a good approximation for many
analysis.
It is also the bases of nonlinear analysis in most of the cases.



Linear Static Analysis

Most structural analysis problems can be treated as linear static 
problems, based on the following assumptions :

Small deformations : loading pattern is not changed due to the 
deformed shape.
Elastic materials : no plasticity of failures
Static loads : the load is applied to the structure in a slow or steady 
fashin.



Example : Find the stresses in the bar assembly loaded with force 𝑃, and 
constrained at two ends

For element 1 : 

For element 2 :

Assemble the global FE equation as follows 



Solution

Load and boundary conditions are
𝑢$ = 0
𝑢& = 0
𝐹% = 𝑃

Equation becomes



Solution
Thus

𝑢% =
𝑃𝐿
3𝐸𝐴

and
𝑢$
𝑢%
𝑢&

=
𝑃𝐿
3𝐸𝐴

0
1
0

Stress in element 1 : 

Stress in element 2 :



Distributed load

Uniformly distributed axial load 𝑞 (N/mm) can be converted to two 
equivalent nodal forces of magnitude ⁄𝑞𝐿 2. 
Considering the work done by the load 𝑞

𝑊; =
1
2
𝑢! 𝑢(

⁄𝑞𝐿 2
⁄𝑞𝐿 2

From the 𝑈 = 𝑊 concept for the element
𝐤 𝐮 = 𝐟 + 𝐟𝐝
The nodel force vector is

𝐟 + 𝐟𝐝 =
⁄𝑓! + 𝑞𝐿 2
⁄𝑓( + 𝑞𝐿 2



Bar elements in 2-D

Lateral displacement 𝑣′! does not contribute to stretch of the bar, 
within the linear theory.

Local Global
𝑥, 𝑦

𝑢′& , 𝑣′&
1 dof at a node

𝑋, 𝑌
𝑢& , 𝑣&

2 dof’s at a node



Bar elements in 2-D

Transformation :
𝑢′! = 𝑢! cos 𝜃 + 𝑣! sin 𝜃 = 𝑙 𝑚

𝑢!
𝑣!

𝑣′! = −𝑢! sin 𝜃 + 𝑣! cos 𝜃 = −𝑚 𝑙
𝑢!
𝑣!

where 
𝑙 = cos 𝜃
𝑚 = sin 𝜃
In matrix form 

𝑢′!
𝑣′!

= 𝑙 𝑚
−𝑚 𝑙

𝑢!
𝑣!



Bar elements in 2-D

For the two nodes of the bar element,



Bar elements in 2-D

In the local coordinate system,



Bar elements in 2-D

In explicit form of the stiffness matrix

where



Bar elements in 2-D

Element stress is



Bar elements in 3-D space

Element stiffness matrices are calculated in the local coordinate 
systems and then transformed into the global coordinate system 
(𝑋, 𝑌, 𝑍) where they are assembled.

Local Global
𝑥, 𝑦, z

𝑢′& , 𝑣′& , w′&
1 dof at a node

𝑋, 𝑌, Z
𝑢& , 𝑣&, w&

3 dof’s at a node



Steps in solving a problem

Step  1: Write down the node-element connectivity table linking local and 
global nodes; also form the table of direction cosines (l, m)
Step 2: Write down the stiffness matrix of each element in global 
coordinate system with global numbering
Step 3: Assemble the element stiffness matrices to form the global stiffness 
matrix for the entire structure using the node element connectivity table
Step 4: Incorporate appropriate boundary conditions
Step 5: Solve resulting set of reduced equations for the unknown
displacements
Step 6: Compute the unknown nodal forces



Node element connectivity table
1

2 3

El 1

El 2

El 3

60 60

60

L

1

2

θ

(x1,y1)

(x2,y2)

ELEMENT Node 1 Node 2
1 1 2

2 2 3

3 3 1



Stiffness matrices

ú
ú
ú
ú

û

ù

ê
ê
ê
ê

ë

é

=)1(k

Stiffness matrix of element 1

u1x

u2x

u2xu1x u1y u2y

u1y

u2y

Stiffness matrix of element 2

ú
ú
ú
ú

û

ù

ê
ê
ê
ê

ë

é

=)2(k

u2x

u3x

u3xu2y u3y

u2y

u3y

u2x
Stiffness matrix of element 3

ú
ú
ú
ú

û

ù

ê
ê
ê
ê

ë

é

=)3(k

u3x

u1x

u1xu3y u1y

u3y

u1y

u3x

There are 4 degrees of freedom (dof) per element (2 per node)



Global stiffness matrix

66

K

´ú
ú
ú
ú
ú
ú
ú
ú

û

ù

ê
ê
ê
ê
ê
ê
ê
ê

ë

é

=
u2x

u3x

u3xu2x
u1x

u1x

u3y

u2y

u1y

u1y u2y u3y

)3(k

)2(k

)1(k



Example : The length of bars 12 and 23 are equal (L) E: Young’s modulus
A: Cross sectional area of each bar. Solve for d2x and d2y Stresses in 
each bar

Step 1: Node element connectivity table

ELEMENT Node 1 Node 2
1 1 2

2 2 3



Solution

Table of nodal coordinates Table of direction cosines

Node x y

1 0 0

2 Lcos45 Lsin45

3 0 2Lsin45

ELEMENT Length

1 L cos45 sin45

2 L -cos45 sin45

2 1x xl
length
-

= 2 1y ym
length
-

=



Solution

Step 2: Stiffness matrix of 
each element in global 
coordinates with global 
numbering

2 2

2 2
(1)

2 2

2 2

EAk
L

l lm l lm
lm m lm m
l lm l lm
lm m lm m

é ù- -
ê ú- -ê ú=
ê ú- -
ê ú
- -ë û

u1x

u2x

u2xu1x u1y u2y

u1y

u2y

1 1 1 1
1 1 1 1EA
1 1 1 12L
1 1 1 1

- -é ù
ê ú- -ê ú=
ê ú- -
ê ú- -ë û

u2x

u3x

u3x u3y

u2y

u3y

u2x u2y

(2)

1 1 1 1
1 1 1 1EAk
1 1 1 12L
1 1 1 1

- -é ù
ê ú- -ê ú=
ê ú- -
ê ú- -ë û



Solution

Step 3: Assemble the global stiffness matrix

1 1 1 1 0 0
1 1 1 1 0 0
1 1 2 0 1 1EAK
1 1 0 2 1 12L
0 0 1 1 1 1
0 0 1 1 1 1

- -é ù
ê ú- -ê ú
ê ú- - -

= ê ú- - -ê ú
ê ú- -
ê ú

- -ë û



Solution

Step 4: Incorporate boundary conditions

𝑢 =

0
0
𝑢%4
𝑢%=
0
0

Hence reduced set of equations to solve 
for unknown displacements at node 2

𝐸𝐴
2𝐿

2 0
0 2

𝑢%4
𝑢%= = 𝑃$

𝑃%



Solution

Step 5: Solve for unknown displacements

𝑢%4
𝑢%= =

𝑃$𝐿
𝐸𝐴
𝑃%𝐿
𝐸𝐴



Solution

Step 6: Obtain stresses in the elements

𝜎(() =
𝐸
𝐿
−1
2

−1
2

1
2

1
2

𝑢(*
𝑢(+
𝑢,*
𝑢,+

𝜎(() =
𝐸
2𝐿

𝑢,* + 𝑢,+ =
𝑃( + 𝑃,
𝐴 2

For element #1:

𝜎(,) =
𝐸
𝐿

1
2

−1
2

1 −
2

1
2

𝑢,*
𝑢,+
𝑢-*
𝑢-+

𝜎(,) =
𝐸
2𝐿

𝑢,* − 𝑢,+ =
𝑃( − 𝑃,
𝐴 2

For element #2:



Pin-jointed structures

A pin—jointed structure uses a 
particular construction technique to 
join structural elements together. 
Two or more elements are joined by a 
simple pin passed through holes drilled 
in the ends of structural element.
The pin-jointed frames form truss 
system that has a triangular planar 
framework with straight members.



Pin-jointed structures

The truss systems are mainly used in the construction of bridge and roof 
construction. 



Pin-jointed structures

A triangular formed 
out of 3 members will 
form the basic unit of 
a simple truss.
The addition of 
members, two at a 
time will develop 
additional triangular 
units.



Pin-jointed structures

Consider the X-axis only :

Apply force 𝑓$ at node 1 :

𝑓$ = 𝑘9 𝑢$4 − 𝑢&4 + 𝑘84(𝑢$4 − 𝑢%4)



Pin-jointed structures

Consider the X-axis only :

Apply force 𝑓% at node 2 :

𝑓% = 𝑘84 𝑢%4 − 𝑢$4 + 𝑘2 𝑢%4 − 𝑢)4
+𝑘:4(𝑢%4 − 𝑢&4)



Pin-jointed structures

Consider the X-axis only :

Apply force 𝑓& at node 3 :

𝑓& = 𝑘9 𝑢&4 − 𝑢$4 + 𝑘:4 𝑢&4 − 𝑢%4
+𝑘*4(𝑢&4 − 𝑢)4) + 𝑘>(𝑢&4 − 𝑢?4)



Pin-jointed structures

Consider the X-axis only :

Apply force 𝑓) at node 4 :

𝑓) = 𝑘2 𝑢)4 − 𝑢%4 + 𝑘*4 𝑢)4 − 𝑢&4
+𝑘@4(𝑢)4 − 𝑢?4)



Pin-jointed structures

Consider the X-axis only :

Apply force 𝑓? at node 5 :

𝑓? = 𝑘> 𝑢?4 − 𝑢&4 + 𝑘@4 𝑢?4 − 𝑢)4



Solution

Combine all five equations into a matrix form :

𝑓"
𝑓!
𝑓#
𝑓(
𝑓*

=

(𝑘- + 𝑘.&)
−𝑘.&
−𝑘-
0
0

−𝑘.&
(𝑘.&+𝑘/ + 𝑘0&)

−𝑘0&
−𝑘/
0

−𝑘-
−𝑘0&

(𝑘-+𝑘0& + 𝑘1& + 𝑘2)
−𝑘1&
−𝑘2

0
−𝑘/
−𝑘0&

(𝑘/ + 𝑘1& + 𝑘3&)
−𝑘3&

0
0
−𝑘2
−𝑘3&

(𝑘3& + 𝑘2)

𝑢"&
𝑢!&
𝑢#&
𝑢(&
𝑢*&



Solution

Assuming the elements are all identical steel rods 3 m long and 25 mm 
diameter, the stiffness can be calculated as 

𝑘 = ⁄𝐴 𝐸 𝐿 = ⁄3.14𝑥12.5%×10A,𝑥210×10B 3
𝑘 = 34300 𝑘𝑁/𝑚

With each element 3 m long, the structure forms equilateral triangles, 

𝑘84 = 𝑘 cos 60 = 17150 𝑘𝑁/𝑚
𝑘8= = 𝑘 sin 60 = 29700 𝑘𝑁/𝑚



Solution

For x-axis : 

𝑓$
𝑓%
𝑓&
𝑓)
𝑓?

=

51450
−17150
−34300

0
0

−17150
68600
−17150
−34300

0

−34300
−17150
102900
−17150
−34300

0
−34300
−17150
68600
−17150

0
0

−34300
−17150
51450

𝑢$4
𝑢%4
𝑢&4
𝑢)4
𝑢?4



Solution

For y-axis : 

𝑓$
𝑓%
𝑓&
𝑓)
𝑓?

=

29700
−29700

0
0
0

−29700
59400
−29700

0
0

0
−29700
59400
−29700

0

0
0

−29700
59400
−29700

0
0
0

−29700
29700

𝑢$=
𝑢%=
𝑢&=
𝑢)=
𝑢?=



Solution

At node 1 there is a vertical reaction 𝑅1 and a 
horizontal reaction 𝐻1; at node 3 has load W = 
250 kN vertically; node 5 has vertical and 
horizontal forces 𝑅5 and 𝐻5 .
Deflections of nodes 1 and 5 are zero.



Solution

For 𝑥-axis : 

𝐻$
0
0
0
𝐻?

=

51450
−17150
−34300

0
0

−17150
68600
−17150
−34300

0

−34300
−17150
102900
−17150
−34300

0
−34300
−17150
68600
−17150

0
0

−34300
−17150
51450

0
𝑢%4
𝑢&4
𝑢)4
0



Solution

Multiplying the 𝑥-axis matrices and solving for the 𝑥-deflections and 
reactions gives

𝐻$ = 0
𝐻? = 0
𝑢%4 = 0
𝑢&4 = 0
𝑢)4 = 0



Solution

For 𝑦-axis : 

𝑅$
0

−250
0
𝑅?

=

29700
−29700

0
0
0

−29700
59400
−29700

0
0

0
−29700
59400
−29700

0

0
0

−29700
59400
−29700

0
0
0

−29700
29700

0
𝑢%=
𝑢&=
𝑢)=
0



Solution

Solving the five simultaneous equations for the y-axis gives
𝑢%= = −4.21 𝑚𝑚
𝑢)= = −4.21 𝑚𝑚
𝑢&= = −8.42 𝑚𝑚

𝑅$ = 125 𝑘𝑁
𝑅? = 125 𝑘𝑁



Solution

For element A :
𝑥 = 𝐿 cos 60 = 1.5
𝑦 = 𝐿 sin 60 = 2.598

New coordinates of node 2
𝑥 = 1.5 + 𝑢%4 = 1.5
𝑦 = 2.598 + 𝑢%= = 2.594
Change in length : 2.996 − 3 = −0.004 𝑚
Strain : ⁄−0.004 3 = −0.0013
Stress : 210𝑥10B ×−0.0013 = −279 𝑀𝑁/𝑚%



Plane stress

A plane stress finite element mesh is used to
model a plate—like solid which is loaded in 
its own plane. 
The solid must have uniform thickness, and
the thickness must be much less than any
representative cross sectional dimension. 
A state of stress in which normal stress and 
shear stresses directed perpendicular to the 
plane of the body are assumed to be zero.



Plane stress

A plane stress finite element mesh for a thin plate containing a hole.
Only on quadrant of the specimen is modeled, since symmetry
boundary conditions will be enforced during the analysis. 



Plane stress 

A thin planner structure with constant thickness and loading within the 
plane of the structure (𝑥𝑦-plane).

𝜎+ = 𝜏=+ = 𝜏+4 = 0

𝜀+ ≠ 0



Plane stress

A thin planar body subjected to in-plane loading on its edge surface is 
said to be plane stress.
The stresses 𝜎+, 𝜏4+ and 𝜏=+are assumed to be zero. Generally members 
that are thin and shoes loads only in the 𝑥𝑦 plane can be considered 
under plane stress.



Plane stress
For plane stress, Hooke’s Law reduces to
𝜀$ =

𝜎$
𝐸
− 𝑣

𝜎%
𝐸

𝜀% = −𝑣
𝜎$
𝐸
+
𝜎%
𝐸

𝜀& =
−𝑣
𝐸

𝜎$ + 𝜎%

𝛾$% =
2(1 + 𝑣)

𝐸
𝜏$%

Stress reduces to
𝜎$
𝜎%
𝜏$%

=
𝐸

1 − 𝑣'

1 𝑣 0
𝑣 1 0

0 0
1 − 2
2

𝜀$
𝜀%
𝛾$%



Plane strain

A plane strain finite element mesh is used to model a thick solid that is 
constrained against out of plane deformation. 



Plane strain

A plane strain finite element mesh for a 
cylinder which is in contact with a rigid
floor. 
Away from the ends of the cylinder, we
expect it to deform so that the out of 
plane component of displacement
𝑢&(𝑥$, 𝑥%) = 0. 
There is no need to solve for , therefore, 
so a two dimensional mesh is sufficient
to calculate 𝑢$(𝑥$, 𝑥%)and 𝑢%(𝑥$, 𝑥%). 



Plane strain

A long structure with a uniform cross-section and transverse loading 
along its length (𝑧-direction).

𝜀+ = 𝛾=+ = 𝛾+4 = 0

𝜎+ ≠ 0



Plane strain

If the body of uniform cross-section is subjected to a transverse loading 
along its length, a small thickness in the loaded area can be 
approximated by plane strain.



Plane strain

Here the strains 𝜀+, 𝛾4+ and 𝛾=+ are assumed to be zero.
The inverse relationship 𝜎 = 𝐃𝜀 reduces to

𝜎4
𝜎=
𝜏4=

= -
($DE)($A%E)

1 − 𝑣 𝑣 0
𝑣 1 − 𝑣 0
0 0 $

%
− 𝑣

𝜀4
𝜀=
𝛾4=



Plain problems

𝐸∗ =
𝐸

1 − 𝑣%
𝑣∗ =

𝑣
1 − 𝑣

𝐸′ = 𝐸
1 + 2𝑣
(1 + 𝑣)%

𝑣′ =
𝑣

1 + 𝑣

Plain 
strain

Plain 
stress



Plain problems



Axisymmetry

Axisymmetry assumes that the 3-D 
model and its loading can be 
generated by revolving a 2-D  section 
360° about the Y axis.

An axisymmetric mesh is used to
model a solids that has rotational
symmetry, which is subjected to
axisymmetric loading.  



Axisymmetry

Planar symmetry Circular symmetry

Axial symmetry Repeatative symmetry



Linear triangular element

Constant strain triangle (CST or T3) is the simplet 2-D element.

The displacements 𝑢 and 𝑣 are 
assumed to be linear functions 
within the element

where 𝑏! (𝑖 = 1,2, …6) are 
constant. 



Linear triangular element

The strains are

Displacements should satisfy the following six equations 

The coefficients 
𝑏$…𝑏, in terms of 
nodal displacement 
and coordinates 



Linear triangular element

where the shape functions are



Linear triangular element

Using the strain-displacement relation

where 𝑥!( = 𝑥! − 𝑥( and 𝑦!( = 𝑦! − 𝑦( 𝑖, 𝑗 = 1,2,3



Applications of the CST element

ØUse in areas where the strain gradient is small
ØUse in mesh transition areas (fine mesh to coarse 

mesh)
ØAvoid using CST in stress concentration or other 

crucial areas in the structure, such as edges of 
holes and corners

ØRecommended for quick and preliminary FEA of 
2-D problems.



Quadratic triangular element

This element is also called linear strain 
triangle (LST or T6). 
There are 6 nodes on this element : 3 
corner nodes and 3 midside nodes. 
Each node has 2 degrees of fredom. The 
displacements (𝑢, 𝑣) are assumed to be 
quadratic functions of (𝑥, 𝑦).

where 𝑏!(𝑖 = 1,2…12) are constant.



Quadratic triangular element

The strains are found to be



Comparison of CST and LST model

For a given number of nodes, a better representation of true stress and 
displacement is generally obtained using LST elements than is obtained 
using the same number of nodes a finer subdivision of CST elements.

●

●

●●

●

●

●

●

●●

●

●
LST element CST elements



Comparison of CST and LST model

A comparison of CST and LST model 
of a plate subjected to parabolically 
distributed edge loads.
The LST model converges to the 
exact solution for horizontal 
displacement at point A faster than 
does the CST model.
However the CST model is quite 
acceptable even for modest 
numbers of degree of freedom.



Comparison of CST and LST model

• The LST model might be preferred over the CST model for plane stress 
applications when a relatively small number of nodes is used.
• The use of triangular elements of higher-order such as the LST, is not 

visibly more advantageous when large number of nodes are used, 
praticularly when the cost of formation of the element stiffnesses, 
equation bandwidth, and overall completixities involved in the 
computer modeling are considered. 
• Most commercial programs incorporate the use of CST and/or LST 

elements for plane stress/strain problems although these elements 
rae used primarily as transition elements.



Other elements

Linear quadrilateral element (Q4) Quadratic quadrilateral element (Q8)



Types of finite elements
ØQ4 and T3 are usually used together in a mesh with linear elements.
ØQ8 and T6 are usually applied in a mesh composed of quadratic 

elements.
ØQ8 is the most widely used element for 2-D problems due to its high 

accuracy in analysis and flexibiliy in modeling.
ØQuadratic elements are preffered for stress analysis, because of their 

high accuracy and the flexibiliy in modeling complex geometry, such 
as curved boundaries.



Comparision



Typical 3-D solid elements

Tetrahedron element Hexahedron element
(brick)

Penta element



Boundary conditions

In order to solve the equations defined by the global stiffness matrix, 
some form of constraints or supports will apply or the structure will be 
free to move a rigid body.
Boundary conditions are of two general types:
Homogeneous boundary conditions : occur at locations that are 
completely prevented from movement
Nonhomogeneous boundary conditions : occur where finite non-zero 
values of displacement are specified, such as the settlement of a 
support.



Symmetry boundary conditions



Aspect ratio

The aspect ratio is define as the ratio of the longest dimension to the 
shortest dimension of a quadrilateral element. In general, as the aspect 
ratio increases, the inaccuracy of the finite element solution increases.

𝐴𝑠𝑝𝑒𝑐𝑡 𝑟𝑎𝑡𝑖𝑜 =
𝐿784
𝐿7!H

Where 𝐿784 and 𝐿7!H are the largest 
and smallest characteristic lengths of an 
element.



Aspect ratio
Consider the five different finite 
element model. A plot of the resulting 
error in the displacement at point A of 
the beam verse aspect ratio is given.



Stress calculation

The stress in an element is determined by the following relation

𝜎4
𝜎=
𝜏4=

= 𝑬
𝜀4
𝜀=
𝛾4=

= 𝐄𝐁𝐝

where 𝐁 is the strain-nodal displacement matrix and 𝐝 is the nodal 
displacement vector which is known for each element.



The von Mises Stress

It is the effective or equivalent stress for 2-D and 3-D stress analysis. For a 
ductile material, the stress level is considered to be safe if

𝜎* ≤ 𝜎I

where 𝜎* is the von Mises 
stress and 𝜎I the yied stress of 
the material.

Factor of safety (FOS): J!
J"#$%&'('



von Mises stress criterion

The maximum von Mises stress criterion is 
based on the von Mises-Hencky theory, also 
known as the shear-energy theory or the 
maximum distortion energy theory. 

Heinrich Hencky
(1885 – 1952)

Von Mises, R. (1913) "Mechanik der Festen Korper im Plastisch Deformablen Zustand," Nachr. Ges. 
Wiss. Gottingen, pp. 582.
Hencky, H.Z. (1924) "Zur Theorie Plasticher Deformationen und der Hierdurch im Material 
Hervorgerufenen Nachspannungen," Z. Angerw. Math. Mech., Vol. 4, pp. 323.

Richard von Mises
(1883-1953)



von Mises stress criterion

The theory states that a ductile material starts to yield at a location 
when the von Mises stress becomes equal to the stress limit. In most 
cases, the yield strength is used as the stress limit.

where 𝜎$, 𝜎%, 𝜎& are three principle stress at the considered point in a 
structure.



FEM Software



Extended Finite Element Method



Extended Finite Element Method

XFEM is a numerical method, based on the Finite Element Method 
(FEM), that is especially designed for treating discontinuities.
Discontinuities are generally divided in strong and weak discontinuities.
The extended finite element method (XFEM) was developed in 1999 
by Ted Belytschko and collaborators.
The idea behind XFEM is to retain most advantages of meshfree 
methods while alleviating their negative sides.

Moës N., Dolbow J., Belytschko T., 1999, A finite element method for crack growth without 
remeshing, International Journal for Numerical methods in Engineering, 46, 131-150



Extended Finite Element Method

XFEM Allows simulation of initiation and propagation of a crack along 
an arbitrary path without the requirement of remeshing.



Extended Finite Element Method

XFEM achieves this by locally enriching the FE approximation with local 
partitions of unity enrichment functions.



Strong discontinuity

Strong discontinuities are discontinuities in the solution variable of a 
problem. In structures, the solution variable is usually the 
displacements so strong discontinuities are displacement jumps, e.g. 
cracks and holes.



Weak discontinuity

Weak discontinuities are discontinuities in the derivatives of the 
solution variable. In structures such discontinuities would invole kinks 
in the displacements (jump in the strains), as for example in bimaterial
problems.



Level set method

The level set method (LSM) is employed in most XFEM 
implementations for the calculation of the stiffness matrices. The level 
set method is also a powerful tool for tracking moving interfaces, which 
makes it’s use very common in problems such as crack propagation.



Commercial software



Boundary Element Method



Boundary element method (BEM)

The boundary element method (BEM) is a numerical computational 
method of solving linear partial differential equations which have been 
formulated as integral equations (i.e. in boundary integral form), 
including
• fluid mechanics,
• acoustics,
• electromagnetics
• fracture mechanics
• contact mechanics



Boundary Element Method

The Boundary Element Method is a numerical 
scheme for solving partial differential equations. 
BEM is restricted to homogenous materials, 
although a small number of different regions 
could be modeled with internal boundaries.



Where can BEM be applied?

• Two important functions.
• Description of the domain.
• Mapping of higher to lower dimensions.
• Satisfaction of the Laplace equations and how to deal with a 

singularity.
• The boundary integral equation (BIE)



Boundary Element Method

The BEM method reduces the
dimensionality of the problem by
one, so the overall size of the
computation the smaller than in FEA 
or FDM.
But the matrices produced are
assymetric and densley packed and
may require just as much
computational effort to solve as 
when using FEA or FDM. 



Betti’s Theorem (Reciprocity Theorem)

Betti’s theorem, discovered by Enrico Betti in 1872
states that for all linear elastic structures subject to
two sets of forces Pi and Qi, the work done by the
set 𝑃 though the displacement produced by set 𝑄 is
equal to the work done be the set 𝑄 through
displacements produced by set 𝑃.

Enrico Betti
(1823 –1892)

Betti E. Teoria dell'Elasticta Nuovo Cimento Series II, VII and VIII, 
1872



Betti’s Theorem (Reciprocity Theorem)

Consider a beam on which two points 1 and 2 
have been defined. First we apply force 𝑃 at 
point 1 and measure the vertical 
displacement of point 2. Then we remove 
force 𝑃 and apply force 𝑄 at point 2.

Betti’s reciprocity theorem states that:
1 2  

P Q 

ΔQ1ΔP1

1 2Q PP QD = D



Betti’s Theorem (Reciprocity Theorem)

James Clerk Maxwell proposed a law of 
reciprocal displacements and rotations in 
1864, the contribution of Betti is 
acknowledged for its underlying formal 
mathematical basis and generality. 

The importance of the theorem to classical 
elasticity is quite evident.

Maxwell JC. On the calculation of equilibrium and stiffness of frames. Philos
Mag 1864;27:294±9

James Clerk Maxwell
(1831 –1879)



Betti’s Theorem (Reciprocity Theorem)

This theorem has applications in structural engineering where it is used 
to define influence lines and derive the boundary element method.
Betti's theorem also known as Maxwell-Betti reciprocal work theorem, 
is used in the design of compliant mechanisms by topology 
optimization approach



The Dirac-Delta Function 

One must obtain a fundamental solution (which is 
similar to the idea of a particular solution in 
ordinary differential equations and is the 
weighting function). Fundamental solutions are 
tied to the Dirac-Delta function.
Dirac introduced the idea of the “Dirac Delta” 
intuitively, around 1926-27. It was rigorously 
defined as a so-called generalised function by 
Schwartz in 1950-51.

Paul A.M. Dirac 
(1902-1994) 

L. Schwartz, Theorie des Distributions, Vol. 1 (1950) and Vol. 2 (1951). 

PAM Dirac, The physical interpretation of the [sic] quantum mechanics, Proc. 
Roy. Soc. A Vol. 113, 621-641,1926.



Fundamental solutions 

The fundamental solution (also called the 
freespace Green’s function) developed for 
Laplace’s Equation in two variables. 
The fundamental solution of a particular equation 
is the weighting function that is used in the 
boundary element formulation of that equation. 
It is therefore important to be able to find the 
fundamental solution for a particular equation. 

George Green 
(1793-1841) 

G. Green, An Essay on the Applications of Mathematical Analysis to 
the Theories of Electricity and Magnetism (1828).



A Brief History

The BEM also known as the Boundary Integral Equation (BIE) method, 
is a mathematical technique for engineering analysis, the fundamentals 
can be traced back to classical mathematical formulations by Betti
(1872), Somigliana (1886) and Kupradze (1965) in elasticity.

Cruse TA (1969) Numerical solutions in three-dimensional elastostatics, Int J Numer Meth 
Engng, 5 ,1259- 1274. 

Somigliana C (1886) Sopra I’equilbrio di un corpo elastic isotropo, II Nuovo Cienmento, 17-19

Kupradze VD (1965) Potential methods in the theory of elasticity, Isreal Prog. Sci. Trans.
Fredholm, E.I. (1903). "Sur une classe d'équations fonctionnelles" . Acta Math. 27: 365–390

F. J.Rizzo, An integral equation approach to boundary value problems of classical elastostatics
Q. Appl. Math. 1967 25, pp.83 95. 



A Brief History
1872 Betti’s Theorem (Reciprocity Theorem)
1886 C.Somingliana established an integral equation relating boundary

values of displacements and tractions (the backbone of BE 
formulation)

1903 E.I. Fredhom used discretized integral equations in potential
problems(the basis of BE approach)

1967 F.J. Rizzo used straight line elements ot discretize the boundary
1969 T.A. Cruse applied this direct integral equation approach to 3-D 

problems
1978 C.A.Brebia :The first book was been published



Boundary element method (BEM)

C.A.Brebia, The Boundary Element 
Method for Engineers, Pentech Press 
and Wiley in 1978.
A.A. Becker. The Boundary Element 
Method in Engineering: A Complete 
course, Mc Graw Hill, 1992.



Boundary element method (BEM)
GOVERNING EQUATION 

BOUNDARY INTEGRAL EQUATION 

Dynamic Reciprocal 
Theorem 

Indirect DIRECT 

Transform Domain TIME DOMAIN 

Dirac-d Step Impulse B-SPLINE 

System of Algebraic Equations 
Time Marching Scheme 



Two dimensinal potantial problems
(fluid flow, torsion of bars, steady-state heat conduction)

1- division of the boundary into elements
2- numerical integration of the Kernels
3- application of the boundary conditions
4- solution of the algebraic equations
5- calculation of the internal variables



Two dimensinal elastostatic problems
(plate with a hole, pressurized thick-wall cylinder)

1- division of the boundary into elements
2- numerical integration of the Kernels
3- application of the boundary conditions
4- solution of the algebraic equations
5- calculation of the boundary stresses
6- calculation of the internal variables



Three-dimensional potantial & elastostatic problems
(extruder screw, pressurized cylinder)

1- division of the boundary into elements
2- numerical integration of the Kernels
3- application of the boundary conditions
4- solution of the algebraic equations
5- calculation of the boundary stresses
6- calculation of the internal variables



Steps for typical BE derivation

1. Derive the differential equations involving displacements over the 
solution domain (Navier equations)

2. Obtain the fundamental solution for the differential equations 
(Kelvin solution)

3. Use the reciprocal work teorem (Betti’s teorem)
4. Divide the surface into segments or elements (use shape functions)
5. Form the solution matrix by repeating the integration process with 

the load point placed in turn at each point on the surface
6. Apply the boundary conditions
7. Solve the overall system of linear equations
8. Compute additional information



Steps for typical BE derivation



One-dimensional elements

One-dimensional elements are used for 
the description of a boundary in the 𝑥𝑦
plane. 
It can easily be verified that the Cartesian 
coordinates of a point on element 𝑒 with 
the intrinsic coordinate 𝜉 are given by



One-dimensional elements

This equation can be checked by substituting 𝜉= – 1 and 𝜉= + 1 to 
obtain the coordinates of nodes 5 and 6. It is now convenient to 
substitute for the global coordinates: 

L is the number of element nodes 
Nn are element ‘shape’ functions 



One-dimensional elements

In matrix notation :

x is a vector containing coordinates of a point on element 𝑒
𝐱H* is a vector of coordinates of the nth node of element 𝑒.
For the two-node element just derived, the shape functions are :



One-dimensional elements

The shape functions may be also expressed by

where the local coordinates of the 2 nodes are given by  



One-dimensional elements

Complicated shapes can be more 
accurately described by a smaller 
number of elements with three nodes 
and quadratic shape functions.
The coordinate 𝜉 now follows the 
element shape, i.e., is curvilinear and 
the third node is placed at 𝜉= 0. 



One-dimensional elements

The shape function associated with the mid-side node is a parabola, 
which has unit value at the third node and zero value at the other 
nodes, that is, 



One-dimensional elements

The corner node shape functions can be obtained by subtracting half of 
the centre node function from each of the linear shape functions :

Shape functions derived this way have been called Serendipity 
functions. It can be seen that the shape functions derived so far have 
the following properties :



One-dimensional elements

The mathematical derivation of functions which satisfy conditions is 
possible using Lagrange polynomials. For the parabolic elements the 
Lagrange shape functions are defined as :

where



Two-dimensional boundary elements

For the description of the boundary of 3-D problems two-dimensional 
boundary elements are used. The elements are also used for defining 
cells for the evaluation of volume integrals for plane problems. 

Quadrilateral boundary element 



Two-dimensional boundary elements

Quadratic Serendipity element Quadratic Lagrange element 



Two-dimensional boundary elements

Triangular linear element Triangular quadratic element 



Three-dimensional cell

For the description of cells for 3-D 
problems three-dimensional 
elements are used. 
Their derivation is analogous to 
that of the two-dimensional 
elements described previously, 
except that now three intrinsic 
coordinates 𝜉, 𝜂, 𝜁 are used.



Comparison of the FE and BE Methods 
FEM BEM

An entire domain mesh is required. A mesh of the boundary only is required.

Entire domain solution is calculated as 
part of the solution.

Solution on the boundary is calculated 
first, and then the solution at domain 
points (if required) are found as a 
separate step.

Reactions on the boundary typically less 
accurate than the dependent variables. 

Both 𝑢 and 𝑞 of the same accuracy. 

Differential Equation is being 
approximated.

Only boundary conditions are being 
approximated.



Comparison of the FE and BE Methods 
FEM BEM

Sparse symmetric matrix generated. Fully populated nonsymmetric matrices 
generated.

Element integrals easy to evaluate. Integrals are more difficult to evaluate, 
and some contain integrands that 
become singular.

Widely applicable. Handles nonlinear 
problems well.

Cannot even handle all linear problems.

Relatively easy to implement. Much more difficult to implement.



Comparison of the FE and BE Methods 

To simplify this point a two dimensional example of a banbury mixer 
with two rotating rotors is shown. 

Finite Element Mesh 
4921 nodes 
1526 elements 
9842 degrees of freedom 
A mesh must be generated for each time step 

Boundary Element Mesh 
130 nodes 
65 elements 
260 degrees of freedom 
No remeshing required



Comparison of the FE and BE Methods 



Comparison of the FE and BE Methods 

Relation between the 
internal pressure and 
the internal strain of a 
circular bored frame

FEM 48 elements & 117 nodes
BEM 16 B elements & 20 I cells
Direct numerical integration
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Coupling the FE and BE techniques 

There has been a lot of research on coupling FE and BE procedures.. 
There are at least two possible methods. 

METHOD 1 :Treat the BEM region as a 
finite element and combine with FEM 

METHOD 2 :Treat the FEM region as an 
equivalent boundary element and 
combine with BEM 



Coupling the FE and BE techniques 

The BEM matrices for ΩK can be 
written as

𝐀 𝐮 = 𝐁 𝐪
where 𝐮 is a vector of nodal values 
of 𝑢 and 𝐪 is a vector of the nodal 
values of ⁄𝜕𝑢 𝜕𝑛.
The FEM matrices for ΩL can be 
written as

𝐊 𝐮 = 𝐟
where 𝐊 is the stiffness matrix and 𝐟
is the load vector.



Coupling the FE and BE techniques 
To apply method 1 (trating BEM as an equivalent FEM region)

𝐁A𝟏𝐀 𝐮 = 𝐪
Then we can convert 𝐪 to an equivalent load vector by weighting the 
nodal values of 𝐪 by the appropriate basis functions, producing a 
matrix 𝐟𝐁 = 𝐌 𝐪

𝐌(𝐁A𝟏𝐀) 𝐮 = 𝐌 𝐪 = 𝐟𝐁
𝐊𝐁 𝐮 = 𝐟𝐁

where 𝐊𝐁 = 𝐌(𝐁A𝟏𝐀)
an equivalent stiffness matrix obtain from BEM. Therefore we can 
assemble this together with original FEM matrix to produce an FEM-
type system for the entire region ΩK .



Coupling the FE and BE techniques 
To apply method 2 (to treat the FEM region as an equivalent BEM 
region)

𝐟 = 𝐌 𝐪
Applying this to 𝐊 𝐮 = 𝐟 yields

𝐊 𝐮 = 𝐌 𝐪
an equivalent BEM system. This can be assembled into the existing 
BEM system (using compatibility conditions) and use existing BEM 
matrix solvers. 



Coupling the FE and BE techniques 

Compatibility of Displacements
at Interface

BEM
Solver

FEM
Solver

Equilibrium of Forces
at Interface

External
Excitation

External
Excitation

int
FEMuint

BEMu

int
FEMfint

BEMf

At Every Time Step...



Coupling the FE and BE techniques 

ØIndependent Solutions for BEM 
and FEM

ØIndependent Time Step Selection
ØSmaller Systems of Equations
ØBEM System of Reduced Size
ØIn the Absence of Incidence 

Displacement Field in Soil, BEM 
does not require Solution. 



Spur gear stress analysis with FEM&BEM Coupling

B. Kanber, Analysis of Spur Gears by Coupling Finite and Boundary Element Methods, Mechanics 
Based Design of Structures and Machines 34(3):307-324, 2006.

Coupling model-1  The loading tooth was modeled using FEs 
and all the remaining geometry was 
modeled using the BEs. 
In the loading tooth, 703 displacement-
based rectangular eight-node FEs were 
used. In the remaining teeth and 
geometry, 876 three-node BEs were used. 
In the BE side, there were 40 corners and 
these corners were modeled using the 
double-node technique. 



Spur gear stress analysis with FEM&BEM Coupling

B. Kanber, Analysis of Spur Gears by Coupling Finite and Boundary Element Methods, Mechanics 
Based Design of Structures and Machines 34(3):307-324, 2006.

Coupling model-2  
Three teeth were modeled with FEs 
and all the remaining parts were 
modeled using BEs. 
FE region, 1936 rectangular eight-
node FEs were used. In the BE side, 
however, 779 three-node BEs were 
used. 



Spur gear stress analysis with FEM&BEM Coupling

B. Kanber, Analysis of Spur Gears by Coupling Finite and Boundary Element Methods, Mechanics 
Based Design of Structures and Machines 34(3):307-324, 2006.

Coupling model-3  
The regions where the results were 
obtained were modeled as FE regions, 
and all other regions were modeled as 
BE regions. In this model, 488 FEs and 
882 BEs were used. The BE region 
completely includes the keyway. 
Nodal forces were converted to nodal 
tractions using 32 interface elements. In 
the BE side, 40 corner nodes were used 
to model the corners. 



Spur gear stress analysis with FEM&BEM Coupling

B. Kanber, Analysis of Spur Gears by Coupling Finite and Boundary Element Methods, Mechanics 
Based Design of Structures and Machines 34(3):307-324, 2006.



BEM Software

The BEM method is relatively new numerical
technique. BE solver is few on the market (ie
BEASY).
BEASY is part of the Computational Mechanics 
Group formed in 1978.



BEM Software



BEM Software

Modeling steps Constituting elements



BEM Software

Constituting Internal Points
Entering the coordinates of the internal points
Clicking any point on the model
Software automatically

Entering Boundary Conditions
Entering supporting line > data
Entering forces line > data



BEM Software

Entering Boundary Conditions
Entering forces



BEM Software



BEM Software



Discrete Element Method



Discrete element method

A discrete element method (DEM), also called a distinct element 
method, is any of a family of numerical methods for computing the 
motion and effect of a large number of small particles.
The discrete element method (DEM) originally developed by Cundall 
and Strack (1979) for the analysis of rock mechanics problems is 
significantly popular.

P.A. Cundall, O.D.L.Strack , A discrete numerical model 
for granular assemblies, Geotechnique 29 (1), pp. 47-65 
(1979)



Discrete model

Continuous model : molecular structure, 
microsturcture or granularity of materials 
disregarded. Mathematical functions are 
continuous except possibly at a finite 
number of interior surface separaating 
regions of continuity
Discrete models : discontinuities and 
discrete internal sturcture taken into 
accont, material treated as discrete 
medium



Basic assumptions

Material is represented by a large collection of rigid or deformable 
discrete elements interacting among one another with contact forces. 
Discrete elements can be of arbitrary shape :
ØCyliders (discs), spheres
ØEllipses, ellipsoides
ØPolygons, poylhedra
ØOther shapes



Commercial software



Finite Difference Method



Finite Difference Method

Finite-difference methods (FDM) are a 
class of numerical techniques for 
solving differential equations by 
approximating derivatives with finite 
differences. 
Finite difference methods convert 
ordinary differential equations (ODE) 
or partial differential equations (PDE), 
which may be nonlinear, into a system of 
linear equations that can be solved by 
matrix algebra techniques. 



Finite Difference Method

The finite difference approximations for derivatives are one of the 
simplest and of the oldest methods to solve differential equations.
The finite difference method (FDM) was first developed by A. Thom in 
the 1920s under the title “the method of squares” to solve nonlinear 
hydrodynamic equations.



Finite Difference Method

It can be defined in 2-dimensional
Øtemperature distribution in a thin plate
Øvelocity profile of a fluid at a cross-section of a duct
Ødeflection of a supported thin plate
Østress distribution at a cross-section of a cylinder under torsion



Basic steps

Thus a finite difference solution basically involves three steps: 
STEP 1 : dividing the solution region into a grid of nodes 
STEP 2 : approximating the given differential equation by finite 
difference equivalent that relates the dependent variable at a point in 
the solution region to its values at the neighboring points 
STEP 3 : solving the difference equations subject to the prescribed 
boundary conditions and/or initial conditions



Common grid patterns

rectangular grid                skew grid                      triangular grid                   circular grid



The Nodal Networks

The basic idea is to subdivide the are of interest into sub-volumes with 
the distance between adjacent nodes by Δx and Δy. If the distance 
between points is small enough, the differential equation can be 
approximated locally by a set of finite difference equations. 



Taylor series

The primary background of any discretization using Finite Differences 
depends on using the Taylor series.
In the Taylor series, you can approximate a solution to any function at 
(𝑥 + ∆𝑥) as long as you know the initial value

𝑓 𝑥 + ∆𝑥 = 𝑓 𝑥 +
𝜕
𝜕𝑥
∆𝑥 +

𝜕%𝑓
𝜕𝑥%

∆𝑥 %

2
+⋯+

𝜕H𝑓
𝜕𝑥H

∆𝑥 H

𝑛!
+ ⋯



Taylor Expansion

Suppose the function u is C2 continuous in the neighborhood of x. For 
any h > 0 we have

𝑢 𝑥 + ℎ = 𝑢 𝑥 + ℎ 𝑢O 𝑥 +
ℎ%

2
𝑢′′(𝑥 + ℎ$)

where h1 is a number between 0 and h . For the treatment of problems 
it is convenent to retain only the first two terms of the previous 
expression : 

𝑢 𝑥 + ℎ = 𝑢 𝑥 + ℎ 𝑢O 𝑥 + 𝑂 ℎ%

where the term 𝑂 ℎ% indicates that the error of the approximation is 
proportional to ℎ%.



Finite Difference Schemes

Given a function 𝑓(𝑥) , we can approximate 
its derivative, slope or the tangent at 𝑃 by 
the slope of the arc 𝑃𝐵, giving the forward-
difference formula,

𝑓O 𝑥' ≅
𝑓 𝑥' + ∆𝑥 − 𝑓 𝑥'

∆𝑥
the slope of the arc 𝐴𝑃, yielding the 
backward-difference formula

𝑓O 𝑥' ≅
𝑓 𝑥' − 𝑓 𝑥' − ∆𝑥

∆𝑥



Finite Difference Schemes

The slope of the arc 𝐴𝐵, resulting in the 
central-difference formula, 

𝑓O 𝑥' ≅
𝑓 𝑥' + ∆𝑥 − 𝑓 𝑥' − ∆𝑥

2∆𝑥

We can also estimate the second derivative 
of 𝑓(𝑥) at 𝑃 as

𝑓′′(𝑥') ≅
𝑓 𝑥' + ∆𝑥 − 2𝑓 𝑥' + 𝑓 𝑥' − ∆𝑥

(∆𝑥)%



Finite Difference Schemes

Any approximation of a derivative in terms of values at a discrete set of 
points is called finite difference approximation:

𝑓 𝑥' + ∆𝑥 + 𝑓 𝑥' − ∆𝑥 = 2𝑓 𝑥' + ∆𝑥 %𝑓OO 𝑥' + 𝑂 ∆𝑥 )

where 𝑂 ∆𝑥 ) is the errror introduced by truncationg the series.
Higher order finite difference approximations can be obtained by taking 
more terms in Taylor series expansion. If the infinite Taylor series were 
retained, an exact solution would be realized for the problem.



Explicit method

The PDE can be solved directly using the 
appropriated boundary conditions and 
proceeding backward in time through 
small intervals until find the optimal path 
to every 𝑡.
Convergence is assured for specifics size of 
increments interval length.

Unknown value t Known value t+1function

ui-1,j ui,j ui+1,j

ui, j+1

P- p0 p+



Explicit method

First take the values on either side of (𝑖, 𝑗) in the x-
direction and subtract them.

1

This number would be divided by the difference
between the subtracted points, that is, twice the
value of the unit grid spacing in the x-direction.

2

To take second derivatives, we just take the 
derivatives of first derivatives. 

3



Explicit method

We can find the first derivative
at a place in between any two
grid points because we already
know the values of the
function on the entire grid. 
The values are subtracted and
divided by the difference in 
spacing, and the second
derivative is obtained.

4



Explicit method
Therefore one has to solve a silmutaneous system of linear 
equations to evaluate the unknow values.

5

Supose the parabolic PDE already has been transformed in 
a set of difference equations. One can obtain the following 
grid where red terms remains to be evaluated.

6



Explicit method
Using the explicit method, the elements u1 - u9 can be evaluated 
direclty over the subsequent elements, which are the boundary 
condition 1. 

7

However, if we were using the implicit method we will have a system 
of 9 simultaneous linear equations, and obtain the 9 unknown values 
simultaneously.

8



Explicit method

Using a forward difference at time 𝑡H and a 
second-order central differenace for the space 
derivation at position 𝑥(, we get the recurrence 
equation :

𝑢(HD$ − 𝑢(H

𝑘
=
𝑢(D$H − 2𝑢(H + 𝑢(A$H

ℎ%

𝑢(HD$ = 1 − 2𝑟 𝑢(H + 𝑟𝑢(A$H + 𝑟𝑢(D$H

where 𝑟 = ⁄𝑘 ℎ%

uj-1,n uj,n uj+1,n

uj, n+1



Implicit method

The PDE can be solved indirectly 
by solving a system of 
simultaneous linear equations. 
Convergence is always assured.

ui-1,j+1

ui,j

ui+1,j+1ui, j+1

P-
p0

p+



Implicit method

If we use the backward difference at time 𝑡HD$
and a second order central difference for the 
space derivative at position 𝑥( we get the 
recurrence equation : 

𝑢(HD$ − 𝑢(H

𝑘
=
𝑢(D$HD$ − 2𝑢(HD$ + 𝑢(A$HD$

ℎ%

𝑢(H = 1 + 2𝑟 𝑢(HD$ − 𝑟𝑢(A$HD$ − 𝑟𝑢(D$HD$

where 𝑟 = ⁄𝑘 ℎ%

uj-1,n+1 uj,n+1 uj+1,n+1

uj, n



Crank–Nicolson method

If we use the backward difference at time 
𝑡HD$/% and a second order central difference 
for the space derivative at position 𝑥( we get 
the recurrence equation :

𝑢(HD$ − 𝑢(H

𝑘
=
1
2
𝑢(D$HD$ − 2𝑢(HD$ + 𝑢(A$HD$

ℎ%
+
𝑢(D$H − 2𝑢(H + 𝑢(A$H

ℎ%

uj-1,n+1 uj,n+1 uj+1,n+1

uj, n uj+1, nuj-1, n



Comparison

Crank–Nicolson methodImplicit methodExplicit method



Meshless computational 
methods



Meshless computational methods

Meshless methods are a special group of numerical methods used to 
simulate physical phenomena, including mechanical ones, by solving an 
initial-boundary problem.
Meshless methods (MMs) were introduced in the late 1970s to solve 
problems in astrophysics.



Meshless computational methods

There are many versions of this group of methods with different 
names:
ØSmooth particle hydrodynamics (SPH)
ØMoving least square approximation (MSLA)
ØPartition of unity methods (PUM) 
ØMeshless finite difference Method (MFDM).



Major advantages

Øselection of basis function is more flexible than FEM, 
Ømoving boundary problems such as crack propagation, fluid flow and 

phase transformation can be treated with ease as there is no need of 
tedious and time consuming re-meshing procedure 

Ølarge deformation can be handled more robustly as no element 
distortion is involved due to unavailability of elements, 

Øsmooth shape functions are used based on local approximations. 



Discrete Least Square Meshless Methods

The discrete least squares meshless (DLSM) method is a meshless 
method based on the least squares concept. Arzani and Afshar 
developed the DLSM method in 2006 for the solution of Poisson's 
equation.
The method is based on the minimization of a least squares functional, 
defined as the weighted summation of the squared residual of the 
governing differential equation and its boundary conditions at nodal 
points used to discretize the domain and its boundaries.

H. Arzani, M.H. Afshar, Solving Poisson’s equation by the discrete least square meshless 
method, WIT Transactions on Modelling and Simulation 42 (2006) 23–31.



Commercial software



Computational Fluid Dynamics



Computational Fluid Dynamics

CFD is the analysis of systems involving 
fluid flow, heat transfer and associated 
phenomena such as chemical reactions 
by means of computer based simulation. 



Computational Fluid Dynamics

The simulation results in prediction of 
the flow fields and engineering 
parameters, which are very useful in the 
Design and Optimization of processes 
and equipment.
CFD is slowly becoming part and parcel 
of Computer Aided Engineering. 



A brief history
Until 1910: Improvements on mathematical models and numerical methods.
1910 – 1940: Integration of models and methods to generate numerical solutions based on hand 
calculations.
1940 – 1950: Solution for flow around a cylinder by Kawaguti with a mechanical desk calculator in 
19538.
1950 – 1960: Initial study using computers to model fluid flow based on the Navier-Stokes 
equations. Evaluation of vorticity – stream function method. First implementation for 2D, transient, 
incompressible flow in the world.
1960 – 1970: First scientific paper was published in 1967. Generation of commercial codes. 
1970 – 1980: Codes generated by Boeing, NASA and some have unveiled and started to use several 
yields such as submarines, surface ships, automobiles, helicopters and aircrafts.
1980 – 1990: Improvement of accurate solutions of transonic flows in the three-dimensional case by 
Jameson et. al. Commercial codes have started to implement through both academia and industry.
1990 – Present: Thorough developments in Informatics: worldwide usage of CFD virtually in every 
sector.

J.L.Hess, A.M.OSmith, Calculation of potential flow about arbitrary bodies, 
Progress in Aeropsace Sciences, 8, pp.1 -138 (1967)



Application areas

Aerodynamics of aircraft : lift and drag 
Automotive : External flow over the body of a vehicle or internal flow 
through the engine, combustion, Engine cooling 
Turbo machinery: Turbines, pumps , compressors etc. 
Flow and heat transfer in thermal power plants and nuclear power reactors 
HVAC 
Manufacturing – Casting simulation, injection moulding of plastics 
Marine engineering: loads on off-shore structures 
Hydrodynamics of ships, submarines, torpedo etc. 



Fundamental principles

• Mass is conserved 
(Continuity equation)
• Newton’s second law 

(Navier-Stokes Equation) 
• Energy is conserved 

(Bernoulli’s Equation) 



Commercial packages



Graduate courses

MKC 525E Finite Element Analysis in Engineering
MKS 539E Finite Element Method in Mechanical Engineering
MAK 612E Advanced Finite Element Analysis in Solid Mechanics
MAK 635E Advanced Techniques & Their Applications in Finite Element Analysis
MAK 639E Meshless Methods
MAK 641E Advanced Mesh Processing
MMI 576E Finite Element Analysis in Manufacturing



Abrrivations

BEM Boundary Element Method
CFD Computational fluid dynamics
CST Constant strain triangle 
DEM Discrete Element Method
DSM Direct stiffness method
DLSM Discrete least squares meshless 
FDM Finite Difference Method
FEM Finite Element Method
GFEM Generalized finite element method 
LSM Level set method 
LST Linear strain triangle

MFDM Meshless finite difference Method
MLSA Moving least square approximation 
MM Meshless method
ODE Ordinary differential equations 
PDE Partial differential equations
PUM Partition of unity method 
SPH Smooth particle hydrodynamics
XFEM Extended finite element method


